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A unique factorization theorem is given for 4 x 4 integral matrices T satis- 
fying T’T = ml, m a positive integer. 
1. INTRODUCTION 
A generalized automorph of a quadratic form is an integral linear 
transformation which carries the form into an integral multiple of itself. 
This term was adopted by 0. Taussky Todd [7] in a paper which inves- 
tigated the generalized automorphs of binary quadratic forms. 
In this note we characterize the generalized automorphs of the sum of 
four squares, a problem originally posed to the author by Gordon Pall. 
A version of these results appears in the author’s doctoral dissertation [8] 
which was directed by Pall. Hurwitz [4, pp. 326-3301 has also considered 
this problem, using a different method based primarily on the fact that the 
the real part of a quaternion q is $(q - iqi - jqj - kqk). His solution is 
given in terms of the Hurwitz ring of integral quatemions instead of the 
Lipschitz ring and does not give an algorithm for effecting the factor- 
izations described in Lemma 1 and the theorem below. 
2. PRELIMINARIES 
Q will denote the field of rational numbers, 2 the ring of rational 
integers, H the Hamiltonian quatemion algebra, and L the Lipschitz ring 
of integral quaternions. We denote the norm, trace, and conjugate of a 
quatemion x by Nx, TX, and 5, respectively. A quaternion x is pure if 
TX = 0, and the subspace of pure quaternions is denoted by Ho. A set S 
of quaternions is primitive if S _C L but S $ nL for every integral n > 1. 
Let x = x0 + x,i + xZj + x,k and y = y. + y,i + yzj + y&. If 
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T = (t& is a 4 x 4 rational matrix, define the linear map T : H + H 
by 7x = y, where 
Y, = ~WB > a = 0, 1,2, 3. 
Letting T’ denote the transpose of T, it is easily seen that the equation 
T’T = ml, (2.1) 
where nz is a positive rational number, is equivalent to the identity 
N(Tx) = m * N(x), x E H. (2.2) 
It is also plain that T is integral if and only if TL C L. If T is integral and 
satisfies (2.1) we shall say that T (and also T) is a generalized automorph 
of the sum of four squares. 
If a = a, + a,i + azj + a&, the linear maps x + ax and x --f xu, 
x E H, will be denoted by uL and aR , respectively. The matrix representa- 
tions of these maps are given by 
The basic facts we use concerning the Lipschitz ring are to be found 
in [l, Chap. 91 or [3, pp. 301-3101, while those used concerning general 
quaternion algebras appear in [6, pp. 142-1491. 
3. THE MAIN RESULT 
Hurwitz [5, p. 631 has shown that the most general rational automorph 
of determinant 1 of the sum of four squares is given by x --+ uxu where 
U, t, E H and NuNu = 1. The next lemma provides a needed generalization 
of Hurwitz’s result. The lemma and its proof are valid for general 
quaternion algebras. 
LEMMA 1. If m is a nonzero rational number then every linear map 
T : H + H satiqfying (2.2) is of the form 
7(x) = 
I 
4”’ 
if det T > 0 
qx r if det T < 0 
for suitable quuternions q and r such that NqNr = m. 
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Proof. Let 1 = T(I), and set (TX = (TX) t-l. Then, ~(1) = 1, Nux = Nx 
for x E H, and det u = det(T 0 t;;‘> = (Nt)-2 det T. Thus, (z is an isometry 
of H leaving Ho invariant, and the determinants of both CJ and its restriction 
o” to Ho have the same sign as det T .  Every isometry has determinant f 1. 
If det cr = - 1, we can compose u with the map x + Z obtaining a new 
isometry u’ which has determinant 1, leaves Ho invariant, and satisfies 
ox = ~‘2. Thus, we might as well assume that det cr = 1 and that a is not 
the identity. We can now show that ux = qxq-l for some q in H by a 
direct application of Hurwitz’s result; however, we prefer to give a proof 
from which a method for actually constructing the quaternion q can be 
easily derived. 
Since u” is an isometry of Ho of determinant 1, by a well-known result 
[6, p. 1481 there exists an invertible quaternion q such that uox = q-lxq 
for x E Ho. Since u(l) = 1, we plainly have ax = q-lxq for x E H, where 
q is uniquely determined up to a scalar factor. The construction of q can 
be accomplished as follows. Since d is a rotation in Ho and is not the 
identity, it has an axis of rotation spanned by some nonzero pure quater- 
nion, say p. It is easy to compute p since it spans the subspace of eigen- 
vectors of u” having eigenvalue 1. Since p and 1 are left fixed by u, it 
follows by an easy argument that the quadratic field Q[‘] is the subspace 
of H left fixed by u. But u(q) = q so that q = s + p for some rational 
numbers. Again, since u is not the identity, there is a quaternion u (which 
can be taken to be one of i, j, or k) such that u # uu = quq-l. But this 
means the equation 
has a unique solution s. 
A proof of the next lemma can be found in [3, p. 3051. 
LEMMA 2. Every primitive quaternion q can be factored as q = au, 
where a is primitive of odd norm and u is primitive of norm 2”, 6 = 0, 1,2. 
The only other factorizations of q having this form are q = (ah-l)(hu) where 
h is a unit of L. 
LEMMA 3. Every automorphism of L is of the form x + uxu-I, where 
uL is a primitive two-sided ideal of L. These quaternions u are precisely 
the primitive quaternions of norm 2”, 8 = 0, 1,2. 
Proof. Every automorphism of L induces an automorphism of H 
which must be of the form x -+ uxu-l, where u can be chosen primitive. 
But ULU-l = L implies UL = Lu. If p is an odd prime, it is well known 
that L/pL is isomorphic to the algebra of 2 x 2 matrices over Z/pZ and 
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hence is simple. Since UL is a primitive two-sided ideal of L, it follows 
that Nu = 2s, and Lemma 2 implies 6 = 0, 1, 2. 
THEOREM . Let T be a generalized automorph of the sum of four squares. 
Then, there exist a primitive quaternion a of odd norm, a quaternion b in L, 
and an automorphism p of L such that 
Tx = I 
a&N if det T > 0 
a&Z)b if det T < 0. 
Moreover, if a’, b’, and 1”’ also satisfy the above conditions, then there is a 
unit h of L such that a’ = ah-l, b’ = hb, andp’(x) = hp(x) h-l. 
Proqf We can assume that det r > 0. By Lemma 1 we can find non- 
zero quaternions q and r such that TX = qxr. Multiplying q by a suitable 
rational number and dividing r by this number we may take q to be 
primitive. We factor q in accordance with Lemma 3 as q = au and set 
b = ur. By Lemma 2, px = UXU-l is an automorphism of L and hence, 
aLb = aulu-lur = Q-L Z L. (3.1) 
Since no primitive quaternion of odd norm is contained in a proper 
two-sided ideal, we have LaL = L. Hence, by (3.1), Lb = LaLb C L, and 
b E L. The remainder of the theorem is clear. 
4. REMARKS 
(a) The following identities are well known: 
@blL = aL 0 bL , (WR = bR OUR, aL 0 bR = bR 0 aL . 
(b) If we are given two generalized automorphs with positive 
determinants, T = aL 0 bR 0 p and h = cL 0 dR 0 v, factored as in the 
theorem, the product has the factorization 
T 0 X = (acw)L 0 (dpb), 0 (p 0 v). 
Of course acU may no longer be primitive. 
(c) Butts and Pall [2] have shown that the collection of integral 
representations of the integral multiples of a fixed binary quadratic form 
by another fixed binary quadratic form is closed under addition. We can 
show by a rather tedious argument, which will not be included, that the 
additive properties of the generalized automorphs of the sum of four 
472 WAID 
squares are not so remarkable. A necessary and sufficient condition that 
the sum of two generalized automorphs, T and h, of positive determinant 
be a generalized automorph is that either 
r=aL.obRop and A = a,ocRop, or 
r=aL.obRop and X=c,ob,op 
for some a, b E L and some automorphism y of L. 
EXAMPLE. The matrix 
is a generalized automorph of the sum of four squares. It satisfies 
T’T = 30 * I. If T is the associated linear map, then 
Hence, 
t = T(1) = -2 + 5% + k. 
is the matrix of u = tsl 0 r. S,, is a rotation and by standard techniques 
we find that (1,2, 1) spans its axis of rotation. Thus, up to a scalar factor, 
q = s + i + 2j + k. Since ai # i, we equate the coefficients of i in the 
equation (ai)q = qi and obtain s = 0. Thus, q = i + 2j + k. Now, 
q = i + k(mod 2) so that 1 + j is a right factor of q. Hence, q = au, 
where a=l+i+j, u=l+j, and b=ad1t=1+2i+j+2k. 
Consequently, T = ABU, where 
1 -1 ---I 0 
A 0 = [aJ = i 1 
1 
i 
1 
1 1 ’ B = [bR] = 
-1 
0 -1 1 1 
and 
1 I y) 0 0 0 u [uLJ[u;l] 0 0 1 = = 
0 1 0 
0 -1 0 0 
-1 -2 -1 -2 
2 1 2 -1 
l-2 12 
-2 l-2 1  , 
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